We consider the recently proposed cosmological relaxation mechanism where the hierarchy problem is ameliorated, and the electroweak (EW) scale is dynamically selected by a slowly rolling axion field. We argue that, in its simplest form, the construction breaks a gauge symmetry that always exists for pseudo-Nambu-Goldstone bosons (in particular the axion). The small parameter in the relaxion model is therefore not technically natural as it breaks a gauge symmetry rather than global symmetries only. The consistency of the theory generically implies that the cutoff must lie around the electroweak scale, but not qualitatively higher. We discuss several ways to evade the above conclusion. Some of them may be sufficient to increase the cutoff to the few-TeV range (and therefore may be relevant for the little-hierarchy problem). To demonstrate the ideas in a concrete setting we consider a model with a familon, the Nambu-Goldstone boson of a spontaneously broken chiral flavor symmetry. The model has some interesting collider-physics aspects and contains a viable weakly interacting dark matter candidate.
Introduction and Review
The authors of Ref. [1] have recently proposed a framework to address the hierarchy problem. The model promotes the squared Higgs mass parameter (µ 2 in the equations below) to a dynamical variable that evolves during inflation and finally stabilizes at a small negative value. As a result, the physical mass of the Higgs is much smaller than the cutoff of the theory, solving the hierarchy problem (see also Refs. [2] [3] [4] [5] [6] [7] [8] for further work on this subject).
We briefly review the first model of Ref. [1] , which is the simplest one in terms of field content. 1 The value of µ 2 , the mass-squared term in the Higgs potential,
changes during the course of inflation as it varies with the classical value of a scalar field φ,
which slowly rolls because of a potential
In these equations Λ is the cutoff scale of the theory, and the coupling constant g is dimensionless (it is related to g GKR , the one in Ref. [1] , through g GKR = Λg). During inflation the field φ slowly rolls from the initial large field value φ > Λ/g, such that µ 2 is positive and the electroweak symmetry unbroken, down the V (φ) potential. It stops rolling shortly after the point φ ∼ Λ/g where µ 2 < 0 because, as the Higgs field obtains a vacuum expectation value (VEV), v = 174 GeV, a feedback potential for φ is induced via a mechanism that we review below. The challenge is to explain why v ∼ |µ| Λ. In the first proposal of Ref. [1] , φ is the QCD axion with a decay constant f a . The axion couples to gluons via the term 1 Note that this model is ruled out because it predicts an O(1) value for θQCD. More precisely, one could always add a bare θQCD and tune the theta angle, but we would like to avoid fine-tuning. This shortcoming will not affect the main points we want to make.
Here f 3 π ∼is the pion decay constant, y u the up-quark yukawa coupling, and for simplicity we only retained the leading contributions. Note that this potential respects a discrete symmetry φ → φ + 2πkf a , k ∈ Z , (1.5) while the terms in Eq. (1.3) explicitly break it. The formula (1.4) only holds when y u v Λ QCD . In this regime the amplitude of these oscillations (1.4) grows linearly with v. When the maximum slope of ∆V matches the slope of V (φ), the field stops rolling. This is achieved when
The fine tuning problem is ameliorated if Λ v is allowed by the framework. This in turn implies g 1. For example, if we take f a = 10 9 GeV and Λ ∼ 10 7 GeV, then g ∼ 10 −30 . The authors of Ref. [1] claim that such a small g is technically natural, because in the limit g → 0 one recovers a shift symmetry for φ (in particular that of Eq. (1.5)) and therefore it satisfies the criterion of 't Hooft.
In the next section we explain why having a small g is not natural (and in fact theoretically inconsistent under the assumptions we state carefully in section 2). The main point is that the discrete symmetry (1.5) is necessarily gauged and hence it cannot be broken by any term in the action. This is true as long as φ is an axion or any other pseudoNambu-Goldstone Boson (pNGB). Therefore, a small nonzero g breaks a gauge symmetry rather than a global symmetry. This statement can be converted into an inequality that the parameters need to satisfy for the consistency of the theory, and there are no solutions with cutoff Λ v. We discuss possible ways out of this conclusion. To demonstrate the point further, in section 3 we provide a phenomenological model where the axion is replaced by a familon (which is another example of a pNGB). If the cutoff is high, the model suffers from the generic problems discussed in section 2. However, we investigate whether one may have a slight parametric boost of the cutoff to a couple of TeV and thus render the model interesting in view of the little hierarchy problem. This model also happens to contain a weakly interacting massive particle (WIMP) with the correct relic abundance. The main conclusion is that, under some assumptions, the relaxion is not an axion (and also not any other pNGB) with period 2πf , but there are some possible directions that would be interesting to explore within this framewrok.
2 Is the relaxion a pseudo-Nambu-Goldstone boson?
In this section we describe the main problem that arises when constructing a cosmological relaxation model. We first discuss the axion case and then generalize the argument to any pNGB field. We conclude the section with some speculations on how to evade the problems discussed herein.
The fundamental distinction between gauged and global symmetries at the level of effective Wilsonian actions is that there exist operators that can break any global symmetry but there do not exist operators that break gauge symmetries. (One can also say that the operators that break a gauge symmetry are ill-defined -they cannot be local operators.) Let us consider a Nambu-Goldstone field (it can be an axion or any other realization of a Nambu-Goldstone field). If some exact global symmetry of the theory is spontaneously broken then the effective action respects a continuous symmetry
with any real α. But a subgroup of (2.1) is gauged, namely,
is a gauge symmetry. It has to do with the fact that the field φ is fundamentally an angle and hence no local operator can break its periodicity. Explicit (e.g. soft) breaking of the original global symmetry can result in breaking (2.1) to (2.2), but the latter can never be broken. 2 For example, the quark masses in QCD break the continuous shift symmetry (2.1) to (2.2) (more precisely, to the non-Abelian generalization of (2.2)). Another example is the coupling ∼´d 4 x φ f G ∧ G (which can be induced by an anomaly in the underlying theory) that potentially breaks the continuous shift symmetry but always preserves (2.2). Note that fundamentally there is no distinction between breaking a global symmetry by an ABJ anomaly versus breaking it via an explicit operator (such as a mass term). In fact, sometimes the two can be related to each other by a duality. So our two examples are really not different from each other.
Let us now discuss the consequences of these well-known observations [9] for the models of the type reviewed in the introduction.
The potential (1.3) breaks the gauge symmetry (2.2). So if one would like to think of φ as a pNGB (in particular, an axion), it cannot come from a local QFT unless one can actually rewrite the potential (1.3) in terms of functions with period 2πf a . Similarly, the effective Higgs mass (1.2) should be 2πf a periodic.
Since the model requires a non-periodic field excursion of order φ ∼ Λ/g, we must have f a > Λ/g. Using Eq. (1.6) this translates into
In this inequality we have allowed the axion to couple to a new strong sector, rather than QCD, with a dynamical symmetry breaking scalef π , and we have taken ∆m f (v), the contribution of the Higgs VEV to the mass of a new fermion in the strong sector, to be of order of the weak scale. (The QCD case is recovered by taking ∆m
This results in a cutoff at the electroweak scale, therefore not solving the hierarchy problem. The QCD example in the introduction results in a sub-GeV cutoff.
2 Perhaps to make this discussion less abstract one can think of a U (1) global symmetry that is spontaneously broken at some scale f by the VEV of a complex scalar field Φ. A non-linear mapping Φ → ρ exp[iφ/f ], with ρ the modulus of Φ and φ its phase (ρ, φ being real), clearly implies that the shift φ → φ + 2πkf maps the field Φ onto itself. This discrete shift is a redundancy in the description, i.e. a gauge symmetry. Any operator involving Φ, including those that break the global symmetry, will respect this discrete gauge symmetry, simply as a consequence of the way φ has been defined.
As we now show, the same result holds for any pNGB field, i.e., the cutoff cannot be raised parametrically above the electroweak scale. The back-reaction potential for a generic field can have various powers of the Higgs VEV and some dimensionful breaking parameter, M (see also Ref. [3] for a discussion),
We require that n ≥ 0, which amounts to saying that the back-reaction only turns on when the Higgs field condenses (a necessary feature of the relaxion scenario). The scale M is left arbitrary at this point. If the back-reacting sector breaks the electroweak symmetry then M obviously cannot exceed the electroweak scale. If the back-reacting sector does not break the electroweak symmetry, then one always has the two-loop effect pointed out in Ref.
[3] (we will discuss this effect below and also in section 3). This does not destroy the framework only if M is not larger than 4πv. The rolling of φ stops if g ∼
and ∆φ ∼ Λ/g f is required for the locality of the effective field theory, as discussed above. This translates into
Since the right-hand side is generically smaller than one and the left hand side is generically bigger than one, this can only be satisfied if all the scales, including the cutoff, are of the order of the Electroweak scale.
In the following we sketch a few potential ideas that might help evade the no-go "theorem" above.
(i) It could be that the relaxion field φ is not a Peccei-Quinn axion, or more generally is not a Nambu Goldstone boson. Then it is allowed to be fundamentally non-compact. We then only have the global symmetry (2.1) and the discrete gauge symmetry is not imposed. The smallness of g can be technically natural.
First, let us note a simple point: in unitary QFTs all the (linearly realized) global symmetries are compact. Therefore, for an effective field theory to be natural, one must similarly require that all of its approximate global symmetries are compact (if they are to be eventually restored).
If φ is not a pNGB one faces the challenge of explaining where a non-compact, light scalar field comes from. One known mechanism is supersymmetry. In supersymmetric theories the bottom component of a chiral superfield is a complex scalar field and it is natural that its imaginary part would be a pNGB while the real part is a non-compact scalar field. In fact, in supersymmetric vacua the compact symmetry group G of the theory is complexified [10] G → G C and this is why there are generically light non-compact scalar fields in SUSY vacua. 3 In this case one would not expect periodic potentials for the non-compact component of the chiral superfield, so one would have to search for a new backreaction mechanism, which may not be impossible. Another known construction in QFT that allows for a non-compact scalar field is provided by the dilaton, i.e. the NambuGoldstone boson of conformal symmetry breaking. The main obstacle here (other than the dilaton would not couple to G ∧ G but to G ∧ G) is that, apart from trivial free-field examples, currently we do not know of non-supersymmetric, finite-N, theories that break the conformal symmetry spontaneously. (Even if such theories existed, to lift the moduli space slightly, one would need to have very-nearly-marginal operators. This again can be thought of as a problem of tuning in the space of theories. In terms of the dual AdS theory, this corresponds to having a very light scalar field.)
Another important point is related to the fact that physics at the Planck scale respects gauge symmetries but not global symmetries (see Ref. [18] and references therein). Consider the pNGB scenario first. We might worry about operators of the type
respecting the gauge symmetry (2.2) but violating the global symmetry (2.1). Such operators are disastrous for the phenomenology of these models. A nice way to rule out these operators is by imagining that the UV is a five-dimensional theory on a circle (i.e. R 3,1 ×S 1 ) and the relaxion φ is just the holonomy of the five-dimensional gauge field along the circle. Then there are no local counter-terms in five dimensions which induce a potential for the holonomy. 4 The discrete gauge symmetry (2.2) arises very naturally in this scenario as the four-dimensional counterpart of large gauge transformations in five dimensions.
From this point of view, a non-compact scalar field in four dimensions could be viewed as associated to an R gauge theory in five dimensions, rather than to a U (1) gauge theory. However there are very strong arguments against having R gauge theories [18] . Therefore, for the non-compact scalar field, this mechanism that protects against harmful Planckinduced operators would not be applicable. It would be nice if one could find an alternative mechanism that protects against Planck-induced operators.
(ii) Suppose the back-reaction sector produces a potential which is periodic with some scale f , which is smaller than the fundamental periodicity scale f UV ,
One should now demand that f UV > Λ/g. This gives
these models would face the basic tension that the non-compact fields' masses are typically not much smaller than the visible gaugino mass. This can be perhaps addressed by complicating the models (and perhaps avoiding gauge mediation). Another possibly useful class of SUSY-breaking models with light non-compact fields are variations of [15] [16] [17] . 4 For various applications of this observation see e.g. [19] [20] [21] [22] [23] [24] . This fact has also played a crucial role in compactifications of Yang-Mills theory on a circle (be it a thermal circle or not); it renders the effective potential of the holonomy (in principle) calculable.
Unlike the previous scenario, it is actually easy to realize f UV = nf > f . For example, consider an axion field φ coupled to two strongly coupled sectors,
where G 1 and G 2 are the gauge bosons of the two sectors. Due to non perturbative effects, the first term above would generate a rolling potential for φ, whereas the second term would be responsible for the backreaction potential. Morally speaking, this amounts to having the particles in the confining sector carry charge in units of n under the PecceiQuinn symmetry. The drawback is that n appears with the power 1/4 in Eq. (2.7). Thus, very large values of n are required in order to significantly raise the cutoff and a QFT UVcompletion seems challenging. We consider two possibilities here. First, let us imagine a UV-completion inspired by the KSVZ axion model, where vector-like quarks are introduced to induce the terms in Eq. (2.8),
Here the axion field φ is the angular part of Φ = ρ exp(iφ/f UV ), ρ ∼ f UV , Q L1,R1 are charged under the first strong sector, and Q L2,R2 are charged under the strong group responsible for the back-reaction. The vector-like quark Q 2 would obtain a mass f UV (f UV /Λ) n−1 , which is extremely small for large n values (unless (f UV /Λ) were tuned to be close to unity with very high accuracy). This would lead to an effectively vanishing mass for Q 2 and thus to a negligible feedback potential in the back-reacting sector (as the axion potential is proportional to the lightest quark mass). Another possible way to induce the second term in Eq. (2.8) is by having n quarks in the back-reacting sector. This is, however, also problematic because a strongly coupled theory with so many flavors would not be asymptotically free, unless the number of colors were also of the same order. A very large number of colors could lead to large measurable indirect effects in the SM sector mediated through the Higgs. It is possible to take more reasonable values for n and raise the cut-off by a factor of 2 to 3. We use an analog of this mechanism in our explicit model in the next section.
(iii) One could imagine having several pNGBs. One can even mimic a non-compact field by choosing a combination with incommensurate coefficients.
This idea would not allow to increase the cutoff unless, perhaps, there is also a hierarchy among the decay constants of the different pNGBs. Suppose there are two pNGBs and the rolling potential (1.3) is governed by the larger decay constant of the two while the backreaction potential (1.4) is governed by the smaller decay constant. In this extreme case there is no minimum with the desirable properties since the fields are orthogonal. In the opposite situation one does not gain anything regarding the fine-tuning problem. Also other variations of this scenario which we have considered do not produce viable vacua. Perhaps one can sufficiently complicate this scenario in order to achieve a phenomenologically interesting model. An analogous string-theoretic mechanism that includes large non-periodic field excursions has been suggested in Ref. [25] .
(iv) In principle, not all the relaxion couplings have to be given by the same g and we can also imagine that the linear terms in the relaxion are absent. For example, instead of Eq. (1.2) and Eq. (1.3), we could consider
Here g φ could be generated from g h by closing the Higgs loop.
The rolling stops roughly at φ ∼ Λ/g h , and requiring the first derivative of the potential to vanish, as in Eq. (1.6), we get
with r ≡ g φ /g h . If it were natural to take r 1 this would provide a way out of the no-go "theorem". Unfortunately, as soon as the coupling g h is present one can close the Higgs loop and generate a φ 2 term in the potential V (φ) of the order 1 16π 2 Λ 2 g 2 h φ 2 . Therefore r cannot be too small without introducing the same sort of fine tuning we have set out to eliminate. r can naturally be as small as 1/(4π), thanks to the loop factor, which can push the cut-off to the few TeV scale,
(2.12)
We conclude that if one wants to push the cutoff well above the TeV scale, the relaxion cannot be an axion, or any other pNGB, with period 2πf . We have presented several straightforward ways to try and avoid this conclusion and it would be interesting to see if any of them (or some other idea) could work. One can still compare the relaxion scenario to other approaches towards solving the little hierarchy problem where the relevant degrees of freedom of the effective theory are in the few-TeV range or even below (see e.g. Refs. [26] [27] [28] [29] and references therein).
In the following section we introduce a simple concrete realization of the relaxation framework, with the aim of elucidating the theoretical difficulties and the partial solutions mentioned above in a more concrete way. In our specific construction we will incorporate the items (ii) and (iv) in an attempt to push the cutoff to the few-TeV scale.
A Familon Model
In this section we present a calculable realization of the cosmological relaxation framework [1] . In our model the rolling field φ is a familon, the pNGB of a spontaneously broken flavor symmetry. We use this model to demonstrate explicitly the points of the previous section and we also analyze its phenomenological properties.
We will assume that the period f UV of the rolling field is related to the period f that appears in the low energy effective action as
This can be achieved by assuming that the fields in the back-reacting sector carry charges in integer units of n. (The origin of the factor of 2 in (3.1) will be clear below.) Our Lagrangian for the back-reacting sector is
We use two-component spinor notation for the fermions, αβ is the antisymmetric symbol of SU (2) L , h T α = (h + , h 0 ). L and L c are doublets under the SU (2) L gauge group of the SM, with opposite hypercharge, 
The normalization of the charges under U (1) N L is chosen so that the flavon field has unit charge. Note that an effective periodicity as in (3.1) appears in the back-reacting sector. Clearly, m N = 0 explicitly (softly) breaks the U (1) N L symmetry. For m N = 0, the continuous shift symmetry prevents any potential for φ.
For m N = 0 a two-loop potential for the familon is generated even in the Electroweakpreserving vacuum. We first describe the one-loop analysis where a potential for φ is generated once the Higgs gets a VEV. We will then come back to the issue of two-loop corrections.
The one-loop Coleman-Weinberg potential for φ is
where the mass matrix for the fermions in the {N, ν, ν c } basis is
with U ≡ e i 2nφ f UV . The term relevant to our discussion is given by
wherem is the larger of m L and m N . Upon EWSB, h 0 = v = 174 GeV, this gives the contribution
From this potential we can find the mass of φ by expanding around the minimum: As we mentioned above, the symmetries allow for the generation of a potential for φ even before electroweak symmetry breaking. 5 Such a contribution takes the form
One can think of this as coming from (3.6) by contracting h 0 and h 0 * in an additional loop. (In (3.9) we have suppressed the logarithm.) Λ c is the scale at which the Higgs loop is cut off. In order for φ not to stop rolling before EWSB we must require V Eq. (3.10) can be satisfied in a simple extension of our model where m N is generated via a mini-See-Saw mechanism from the following Lagrangian Suppose that, in addition to the back-reacting sector described above, we add a heavier sector (for instance a sector very similar to Eq. (3.11) but with U (1) N L charges of order O(1) and masses at the scale 4πM ) which explicitly breaks the shift symmetry and generates the terms
These provide us with the analogs of (1.1), (1.2), (1.3). The periodicity in this sector is φ → φ+2πf UV , corresponding to the fundamental gauge symmetry. Since we are imagining that the origin of (3.12) is from a sector of heavy fields, V (h) arises at one loop while V (φ) is generated only at two loops. We take M and Λ to be of the same order, but require M > Λ in order for the Higgs to condense. Now we are ready to work out the phenomenological implications of our model. The familon φ stops rolling when
after using
This places the cutoff at Λ ∼ 5 TeV m L 900 GeV As we anticipated in the previous section, Λ is of order TeV unless f UV f , which would require the fundamental charge n in the back-reacting sector to be very large. A very large n, besides being aesthetically unappealing, is difficult to obtain in UV completions of this model. The reason is that for n 1 the Yukawa coupling y 1 would generally arise from an extremely irrelevant operator, making the back-reaction negligible.
In Ref. [1] it has been shown that cosmological requirements enforce the inequalities
The first inequality comes from requiring that the energy density of φ (∼ Λ 4 ) be lower than the energy density of the inflaton. The second arises from asking that the classical rolling dominate over the quantum fluctuations. In our scenario the condition of (3.16) is satisfied as long as
TeV m L 900 GeV f UV 100 TeV This is obviously satisfied given (3.15). 6 We now briefly comment on the dark-matter and collider aspects of the model (3.11). The dark matter candidate is a Majorana fermion corresponding to the lightest eigenstate of the mass matrix (3.5). Constraints on the parameter space of this model coming from relic abundance, direct detection, indirect detection and collider searches have been studied in detail in previous literature [30] [31] [32] . Here, we use the results of Ref. [31] to summarize the most important constraints in Fig. 1 . In the plot, m L is adjusted at each point by requiring the right relic density of dark matter and we define θ by y 1 = y cos θ and y 2 = y sin θ. The region shaded in grey is excluded by LUX, while the brown region will be probed in the near future by the XENON 1 Ton. We also show contours for three values of the cutoff. The maximal value satisfying the constraints from cosmology of (3.17) is shown in dotteddashed-blue; the value which fulfils the requirement to have a sub-Planckian f UV is shown in dashed-blue; the value from (3.15) with n = 10 is shown in solid-blue.
The collider phenomenology of this framework differs from what is typically predicted by other models that address the little hierarchy problem. Namely, there are no light top- 6 Note that (3.15) scales as n 1/4 , while (3.17) scales as n 1/6 . This implies that n cannot be arbitrarily large otherwise we would not comply with the cosmological requirements of the relaxation mechanism. In any case, as already mentioned, values of n 1 are very difficult to achieve in UV completions of this model and as a result it seems difficult to obtain a cutoff higher than what quoted in (3.15).
partner fields or partners of the electroweak gauge bosons. Instead, there are vector-like fermions, with at least one of them being an SU (2) L doublet. For the models not to be fine-tuned, these new degrees of freedom should be present at or below the TeV scale.
